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3D-Multiple Scattering Problem by Small Spheres





Asymptotic assumption : δ  λ








Homogeneous & isotropic medium Ωδ
Perfect conductors B(ck , δ) , k = 1 . . . Nobs
Time-harmonic Maxwell equations{
curl Eδ − iκ Hδ = 0 in Ωδ
curl Hδ + iκ Eδ = 0 in Ωδ
with κ2 = ω2µ(ε+ iσ
ω
), I(κ) ≥ 0
Boundary condition












For any Einc ∈ Hloc(curl ,Ωδ) there exist a unique solution (Eδ,Hδ) ∈ Hloc(curl ,Ωδ)2 to
the exterior Maxwell problem.
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1. Asymptotic expansions for the single electromagnetic scattering
First terms of the asymptotics
Numerical results
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J. Labat, V. Péron, S. Tordeux (EPC Magique 3D) Multiple electromagnetic scattering by small spheres ECCM-ECFD 2018 at Glasgow 7 / 22
Approximation for Single Scattering
Method of matched asymptotic expansions
Domain decomposition
Local approximations










δ → 0δ → 0
Ω? Ω̂
Asymptotic expansions
Far field expansion in Ω? = R3 \ {0}
Near field expansion in Ω̂ = R3 \ B(0, 1)
Near field =⇒ Far field
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Near Field Expansion






3(er · Einc(0))er − Einc(0)
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Ê2(X) = octupole + quadrupole + dipole
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Near Field Expansion
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Far Field Expansion I
Eδ(x) = δ3Ẽ3(x) + δ5Ẽ5(x) + . . .

























d ∈ R3, ε small parameter
















Time-harmonic electric potential V and magnetic
potential A (x-component) in the xy -plane
ε→ 0
Ponctual charges with q = 1
ε
Filiform current (d, IE)
Charge conservation IE = −iωq
E
elec
dip [d] = −∇V + iκA
H
elec









dip [d] = −H
elec
dip [d]
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Far Field Expansion II
Eδ(x) = δ3Ẽ3(x) + δ5Ẽ5(x) + . . .
3-order
Ẽ3 = Eelecdip [4πE













































, p = 0.5 : 0.1 : 4
}
Physical parameters
ε = µ = 1.0, σ = 0
λ = 5.0,
ω = κ = 2π5.0 ≈ 1.26
Incident plane wave
Einc = ~p exp(−i~k · x)
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Numerical Convergence I
Near field approximations



























Figure: Relative L2(Ω2δδ )-errors for electric near field (left) magnetic near field (right)
2δ































































Figure: Absolute L2(Ω2λλ )-errors for electric far field (left) magnetic far field (right)
λ
2λ
5-order EF : ‖Eδ − δ3Ẽ3‖L2(Ω2λ
λ
)
6-order EF : ‖Eδ − δ3Ẽ3 − δ5Ẽ5‖L2(Ω2λ
λ
)
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3D-Multiple Scattering Problem by Small Spheres



















Each obstacle is modeled as a dipolar source around ck
Eδ,k (x) = Eelecdip [d
E
δ,k ](x− ck ) + Emagdip [d
H
δ,k ](x− ck )
Hδ,k (x) = Helecdip [d
E
δ,k ](x− ck ) +Hmagdip [d
H
δ,k ](x− ck )
The directions dEδ,k and d
H
δ,k depend on the nature of the obstacles
Case of perfectly conducting spheres
3-order approximation
dEδ,k = 4πδ



















Small number of obstacles
No interaction taken into
account
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First Numerical Results
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First Numerical Results
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J. Labat, V. Péron, S. Tordeux (EPC Magique 3D) Multiple electromagnetic scattering by small spheres ECCM-ECFD 2018 at Glasgow 21 / 22
Conclusions and Perspectives
Conclusions and on-going works
Single scattering
3 Derivation of first terms of asymptotics for one sphere
3 Numerical validation
J. Labat, V. Péron, S. Tordeux (Inria Research Report n◦9169, 2018)




∼ Numerical validation of Born and Foldy-Lax models with finite element solutions
∼ High-order spectral method
Perspectives
Single scattering
7 Justification of matched asymptotic expansions
7 Extension to obstacles of arbitrary shape
Multiple scattering
7 Justification of Foldy-Lax approximation
7 Justification of the high-order spectral method
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